Abstract. Let X 0 be a smooth hypersurface (not assumed generic) in projective space P n , n ≥ 3 over the complex numbers, and C 0 a smooth rational curve on X 0 . We are interested in the deformations of the pair C 0 , X 0 . In this paper, we prove that if the first order deformations of the pair exist along certain first order deformations of the hypersurface X 0 , then the twisted normal bundle
1. Introduction. Let X 0 be a smooth hypersurface in P n over C, and C 0 be a smooth rational curve on X 0 . The main focus of this paper is on how the existence of the first order deformation of the pair C 0 ⊂ X 0 affects the twisted normal bundle N C0/X0 (1) of the rational curve. Previously, there are many works on pairs C 0 , X 0 by Albano and Katz ( [1] ), Clemens ([3] , [4] ), Katz ([7] ), Pacienza ([8] ), Voisin ([9] , [10] ), etc.(there are many important papers missing from this list). In this paper, we add more results to this list. But one of main differences of this paper from others, which also turns out to be the main difficulty, is our weaker first order assumption (1.3) in theorem 1.2 below. Such an assumption is useful in understanding the deformations of the pair. Deformations of pairs in more general setting were formulated and studied by Clemens ([5] , [6] ). Our results are not consequences of this study. To state the theorem in a precise way, let's give a formal description of the assumption. Throughout the paper varieties are over complex numbers. Let H 0 (O P n (h)) denote the vector space of homogeneous polynomials of degree h = deg(X 0 ) in n + 1 variables for n ≥ 3. Let f 0 ∈ H 0 (O P n (h)) such that
is a smooth hypersurface. Let
denote the corresponding point of f 0 in the projectivization. Let c 0 : P 1 → X 0 ⊂ P n be an embedding of P 1 , whose image is C 0 . Let
be the hypercohomology of the complex, that is isomorphic to the tangent space of the deformation space of the pair C 0 ⊂ X 0 . Let H 1 (T X0 ) be cohomology group that B. WANG is isomorphic to the tangent space of the deformation space of hypersurfaces at the point X 0 . There is a known diagram ( [1] ): (1.1)
where the map ψ is the differential at [f 0 ] from P(H 0 (O P n (h)) to the deformation space of complex structures of the differential manifold of X 0 . This diagram gives a relation between the first order deformations of the pair and the first order deformation of hypersurfaces at the level of moduli spaces (i.e. factoring out isomorphism). There is another version of ϕ without factoring out isomorphism (see (2.3) section 2).
Next we define a specific family of hypersurfaces.
We consider the family of sections in 
is generated by global sections. In particular, if X 0 is a generic hypersurface and contains a smooth rational curve C 0 ,
is generated by global sections.
In applying the theorem, we should note assumption ( 
In particular, (1.5) and (1.6) hold for a quintic 3-fold X 0 that is generic and contains a smooth rational curve C 0 .
Proof. It is well-known that vector bundles over P 1 can be decomposed as a direct sum of line bundles. Thus N C0/X0 must be
where k ≥ −1. Apply theorem 1.2 to obtain that
is generated by global sections. Thus
This is the inequality in the corollary. In particular if X 0 is a quintic 3-fold that is generic and contains a smooth rational curve C 0 , assumption (1.3) follows from lemma 2.2 below.
Remark. Assumption (1.3) stresses the importance of the first order of deformations of the pair. Most of previous results, such as those listed above, have the different assumption: X 0 is generic, which is strictly stronger than assumption (1.3). This classical genericity assumption can be explained in the following. Let M d be the parameter space of embeddings
The map c 0 represents a point in M d which is still denoted by c 0 . Let
Then the assumption: X 0 is generic is equivalent to the assumption that there is an irreducible component of Γ containing (c 0 , [f 0 ]), which dominates
Our assumption (1.3) in this setting is equivalent to say that the Zariski tangent space
A. It is not difficult to see the former assumption implies the latter one. We'll prove this assertion in section 2. Example 5.2 in section 5 indicates assumption (1.3) is strictly weaker than the assumption: X 0 is generic.
The rest of the paper is organized as follows. In section 2, we give another description of first order deformation condition (1.3) , that shows that it is weaker than the assumption: X 0 is generic. In section 3, we study a family of smooth hypersurfaces. This is the main technique for the paper. In section 4, we show that the first order assumption (1.3) leads to the positivity of the twisted normal bundle N C0/X0 (1) . This proves theorem 1.2. In section 5, we apply the result of theorem 1.2 to recover a classical result by Clemens, and give examples concerning our weaker assumption (1.3).
First order deformations of the pair.
In this section, we give another description of assumption (1.3), which will be used throughout. This is the description of the same map ϕ without factoring out isomorphism. Let
be an irreducible subvariety that contains [f 0 ] and is smooth at [f 0 ]. Let
be the embedding determined by above embedding c 0 . The projection
which can be extended to a bundle map
At last we obtain a morphism on the vector spaces
where
is the space of global sections of the trivial bundle whose each fibre is T [f0] S. Lemma 2.1.
Proof. Recall that M d is the parameter space of embeddings P 1 → P n , whose image has degree d. Let X n be the universal hypersurface for
be the incidence scheme containing the point (c 0 , [f 0 ]). Let T (c0,[f0]) Γ be the Zariski tangent space of Γ. Let e be the evaluation map
Its differential map induces a bundle map
It further induces a homomorphism on the cohomology groups:
. Also there is a surjective map η:
such that the following diagram commutes (2.5)
where P s n is the corresponding map in formula (2.3). Because
is surjective (it is an isomorphism), e s has to be surjective. Then the lemma is true for S = P(H 0 (O P n (h))). Now we consider the subvariety 
We complete the proof.
Lemma 2.2. If X 0 is generic and contains a smooth rational curve C 0 , or equivalently there is an irreducible component Γ 0 of the incidence scheme
Proof. In this proof, we consider the entire space of hypersurfaces, i.e.
As before X n denotes the universal hypersurface corresponding to P(H 0 (O P n (h))). Let c 0 be as above andc
be the morphism that lifts the image C 0 to X n . The projection
induces a map on the sections of bundles over P 1 ,
is the space of global sections of the trivial bundle whose each fibre is T [f0] S. Observe the commutative diagram
(see (2.5) for P s n ) where (e Γ ) * is induced from the differential of the evaluation e Γ :
Since f 0 is generic and π Γ is dominant (by the assumption of the lemma), then (c 0 , [f 0 ]) ∈ Γ is a generic point in Γ 0 . Then the dominance of π Γ implies the surjectivity of (π Γ ) * . Thus P s n is surjective. By lemma 2.1, we proved lemma 2.2. 3. Deformation of hypersurfaces. In this section we do not assume that there is a rational curve C 0 as in section 1. So we continue with the notations in the section 1, however we do not assume the condition (1.2) because there is no rational curve C 0 in this section. Instead we assume
Recall that
is the universal polynomial. Thus
is the universal hypersurface, which is smooth. Let W ⊂ P n denote the complement of the proper subvariety
be the vector bundle of rank h over X W that is generated by the sections u i .
We then have Theorem 3.1.
Remark. This theorem does not require additional assumptions. This is a fact about this special type of family of hypersurfaces.
Proof. Consider the exact sequence
of bundles over X W , where D is some quotient bundle over X W . It is easy to see that
Let s be a generic section of O P n (1). Let σ be the reduction of s
. Notice that the zero-locus of σ is given by
is the line bundle generated by σ,
as bundles over X W . Secondly, we have another exact sequence
of bundles over X W , where D ′ is some quotient bundle over X W . By direct computation (note G(1) is a trivial bundle), we obtain:
As above, σ splits this sequence (3.9). Hence
Comparing (3.8), (3.10), we obtain
Positivity of the twisted normal bundle.
In this section we prove theorem 1.2. We continue with the notations in section 1. In particular C 0 is a smooth rational curve in X 0 .
Proof of Theorem 1.2. Denote
Because of our assumption (1.2), C 0 completely lies in W . Thus we have the exact sequence of bundles
By theorem 3.1, we have two exact sequences,
where I is the isomorphism in theorem 3.1. Notice in theorem 3.1, the isomorphism I is restricted to the identity map onc * 0 (TC 0 (1)). Notice that the first half of the diagram (4.2),
is commutative. So we obtain
).
This isomorphism gives us another exact sequence
To see the positivity of bundles, we observe that since 
This subbundle gives a decomposition
Tensoring it withc * 0 (O P n (1)), we obtain
Thus there is an exact sequence
TC 0 (1) ) is generated by global sections, then so is c * 0 (N C0/X0 (1) ). This completes the proof.
Application.
Corollary 5.1. Assume X 0 is a smooth hypersurface in P n of degree h. Also assume assumption (1.3) 
in theorem 1.2 holds.
Then
Proof. By the isomorphism in theorem 3.1, we have the exact sequence
As before
To calculate H 0 (c * 0 (T P n (1))), we consider the twisted Euler sequence
Hence we find
Then we obtain the decomposition (4.6):
Combining formulas (5.3), (5.5) and (5.7), we obtain that
To show h ≤ 2n − 2, it suffices to prove that
Applying theorem 1.2, we obtain that
This completes the proof.
Remark. There are two previously well-known results that are related to corollary 5.1:
(1). H. Clemens proved a theorem in [3] , that implies if X 0 is a generic hypersurface containing an immersed rational curve C 0 , then
The result later was improved by C. Voisin [9] , [10] :
(2) If X 0 is a generic hypersurface containing C 0 which is any rational curve, then
and the equality holds for a line in a generic hypersurface of degree 2n − 3.
Both authors in their papers addressed more general situations.
Our theorem 1.2 is valid for immersed rational curves on hypersurfaces. Then using lemma 2.2 and corollary 5.1, we recover H. Clemens' result mentioned in (1) . So corollary 5.1 implies Clemens' result (1), but they are not equivalent. Even though Clemens' bound in corollary 5.1 is worse than Voisin's, it is still sharp under our weaker assumption. Please see the following example 5.2 for this. (2) C 0 does not deform to all hypersurfaces to the first order.
( assertion (2) will be proved elsewhere).
Let x 0 , · · · , x n be homogeneous coordinates for P n . The construction is based on the break-down of P n to smaller subspaces. Let In the following, we always regard homogeneous polynomials on subspaces
as polynomials of the same degree on P n , i.e. we use the natural inclusion
Next we construct three varieties: X 0 , C 0 , A in theorem 1.2.
(1) X 0 : 4) ) is generic. Now we construct the smooth hypersurface X 0 = div(f 0 ) of degree 2n − 2: Let
(2) C 0 : Let the rational curve C 0 be
Since C 0 is a smooth plane conic in X 0 , it is a smooth rational curve. Let
be an isomorphism.
where h = 2n − 2. Then the condition (1.2) is satisfied, i.e.,
For fixed generic q 2 , q 3 , g k , corresponding maps ψ and ϕ in theorem 1.2 satisfy
See Appendix for the proof of it. The example shows our bound 2n − 2 is the sharp bound under assumption (1.3). Together with Voisin's result (2), this indicates assumption (1.3) is strictly weaker than the classical assumption: X 0 is generic.
Example 5.3. Let's consider the lines in the Fermat quintic threefold. Let x 0 , · · · , x 4 be the homogeneous coordinates for P 4 . We consider f 0 to be the Fermat quintic Let C 0 be the line in P 4 connecting two points
Corollary 1.3 says that if assumption (1.3) holds, then Appendix.
(1) X 0 is smooth. To see that, we specialize it at
is generic. Then if z ∈ X 0 is a singular point, it must satisfy
It is easy to see such point z must be a zero of q 1 = x n = x 0 = q 3 = 0, and x 0 = · · · = x n−3 = 0 which does not exist for generic q 3 . Hence X 0 is smooth in this case. Now moving q 2 , g k to generic sections, we obtain that if all
are generic, X 0 is a smooth hypersurface.
(2) Proof of (5.17). The general idea follows from the direct calculation. We compute image(ϕ) to be the set Assumption (1.3) says the former set is contained in the latter. We would like to show the former set of polynomials in x n−1 , x n−2 (not evaluated at C 0 ) is already contained in the latter set of polynomials (before evaluated at C 0 ). The following is the detailed computation. To see this, we'll build another diagram (5.27) below in the following way. First observe the natural inclusion:
